In this study wavelet based high-order Taylor Galerkin methods is introduced. Additional time layers are used to obtain high-order temporal accuracy unattainable within a two-step strategy. Two explicit model schemes are constructed and asymptotic stability of schemes are verified. The compactly supported orthogonal wavelet bases developed by Daubechies are used in Galerkin scheme. The behavior of the proposed schemes is illustrated through one and two dimensional problems.
Introduction
The application of methods based on wavelets to the numerical solution of partial differential equations (PDEs) has recently been studied both from the theoretical and the computational point of view due to its attractive feature: orthogonality, arbitrary regularity, good localization. Wavelet bases seem to combine the advantages of both spectral and finite element basis. The first applications of wavelets to the solution of PDEs seem to have consisted of Galerkin methods on problems with periodic boundary conditions as shown in [1] . Glowinski et al. [2] considered wavelet based variational methods to solve one dimension linear and non-linear ordinary differential equations and observed that wavelet provide a robust and accurate alternative to more traditional methods. While the investigation of Liandrat et al. [3] , Latto and Tenenbaum deal with periodic boundary conditions for BurgersÕ equation.
The fundamental concept behind the Taylor-Galerkin approach is to incorporate more analytical information into the numerical scheme in the most direct and natural way, so that the technique may be regarded as an extension to PDEs of the Obrechkoff methods [4] for ordinary differential equations. Higher-order accurate versions of the Euler, leap-frog and h time stepping algorithms were developed on the basis of Taylor series expansion where the arising time derivatives were evaluated from the governing equation. Application of the classical Taylor Galerkin schemes to truly non-linear problems is impractical. An efficient third-order fractional step algorithm for non-linear multidimensional convection problems was proposed by [5] and culminated in the two step fourth-order schemes of Quartapelle and Selmin [6] .
A multilayer Taylor Galerkin method is proposed in [7] . In this scheme desired high temporal order is achieved by bringing additional time layers into the picture. In the ODE context, it would correspond to a multistep multiderivative method. This procedure has not been implemented so far in the wavelet approach to evolutionary problems. In this paper we develop wavelet-multilayer Taylor Galerkin method (W-MTG) is introduced for a class of the problems. The non-linear or variable coefficient term is evaluated by a pseudowavelet technique. Spatial approximation can be made by using different wavelet basis such as orthogonal Daubechies wavelets [8] , biorthogonal spline wavelets [9] , interpolates [10] etc. Our method works with any of these basis functions. In this paper we demonstrate our method using Daubechies compactly supported wavelets.
We will now describe the content of the paper more precisely. In Section 2, we summarize some basics of wavelet analysis. In Section 3, we consider the application of wavelet-Multilayer Taylor Galerkin (W-MTG) schemes to evolutionary problems. In Section 4, we have studied stability of the scheme in terms of ODE context. Numerical results are provided in Section 5. Conclusions are given in Section 6.
Wavelet preliminaries
Ingrid Daubechies define the class of compactly supported wavelets [8] . Briefly, let / be a solution of the scaling relation /(x) = P k a k /(2x À k). The a k are a collection of coefficients that categorize the specific wavelet basis.
The expression / is called the scaling function. The associated wavelet function w is defined by the equation The relation
Smooth scaling functions arise as a consequence of the degree of approximation of the translates. The result that the polynomials 1, x, . . . , x pÀ1 be expressed as linear combinations of the translates of /(x À k) is implied by the conditions
The following are equivalent results:
• ò x m w(x) dx = 0 for m = 0,1,. . . , p À 1.
• ò f(x)w(2 j x) dx 6 c2 
For a PDE of the form F ðu; u t ; . . . ; u x ; u xx ; . . .Þ ¼ 0:
ð2:1Þ
The wavelet approximation of the form
k;l¼0 c j;k ðtÞ/ j;k ðxÞ; ð2:2Þ where c j,k is unknown coefficient of scaling function expansion. Since we assume periodic boundary conditions there is a periodic wrap around in (x, y) and we let the period scale with the number of terms in the expansion. To determine the coefficient of the expansion (2.2) we substitute (2.2) into Eq. (2.1) and again project the resulting expression onto subspace V j . The projection requires c j,k to satisfy the equations
To evaluate this expression we must know the coefficients of the form Since the scaling function used to define compact wavelets has a limited number of derivatives, the numerical evaluation of these expressions is often unstable or inaccurate. Special algorithm to evaluate the connection coefficients is devised by Latto et al. [11] .
Multivariate wavelets
The simplest way to obtain multivariate wavelets is to employ anisotropic or isotropic tensor products:
(MRA-d) Here, the multivariate wavelets are defined by
(MRA) Here, anisotropy is avoided. The scaling functions are simply the tensor products of the univariate scaling functions. A 2D MRA can be constructed from the following decomposition:
The wavelet basis is given by fw j;k w j;l ; w j;k / j;l ; / j;k w j;l g k;l2Z;06j6J À1 [ f/ 0;k / 0;l g k;l2Z :
We have used this MRA approach in our two dimensional problem. Let us study a three layer scheme of the form
We substitute (3.4) into (3.5) and require that the coefficients a 1 , . . . , a 6 satisfy the Taylor series expansion (3.3). This yields the following set of constraints:
Thus, we have a system of four equations for six unknowns, so we are free to choose two parameters. Varying the two free parameters, we have arrived at the schemes Its derivative with respect to the time is u t = au x , u tt = a 2 u xx . The substitution of time derivative into Eq. (3.6) and wavelet Galerkin discretization turns the problem into a finite dimensional space where c u denote the vector of scaling function coefficient corresponding to u. We call it as W-MTG1 scheme. We will refer to the matrix D (d) as the differentiation matrix of order d.
Two-step sixth-order wavelet-multilayer Taylor Galerkin scheme (W-MTG2)
If higher temporal accuracy is desired, we have to resort to a fractional step strategy. To derive a sixth-order scheme, we expand u n+1 and u nÀ1 in the Taylor series up to sixth-order derivatives The method starts with a predictor step at which the solutionũ n is computed. Next this intermediate solution is used along with u nÀ1 and u n in the corrector step to obtain u n+1 . In its most general form, the two step procedure reads
We substitute the predictorũ n and the Taylor series expansion (3.10) for the solution at the time level n À 1 into the corrector equation and find that the coefficient must satisfy
In addition, we require a 1 + a 2 = 1. Note that the above system of equations is non-linear and consists of eight equations for 15 unknowns. We have the freedom of adjusting seven parameters. If we specify b 3 , b 6 and b 9 , the system becomes linear, and can be readily solved. It goes without saying that we also wish to earn as many zero coefficients as possible. Operating the free parameter, we have obtained the following scheme denoted by W-MTG2: 
Theoretical stability of the linearized schemes
We use the notion of asymptotic stability of a numerical method as it is defined in [4, 12] for a discrete problem of the form du/dt = Lu where L is assumed to be diagonalization matrix. The region of absolute stability of a numerical method is defined for the scalar model problem du/dt = ku to be set of all kdt such that ku n k is bounded as t ! 1. Finally we say that a numerical method is asymptotic stable for a particular problem if, for small dt > 0, the product of dt times every eigenvalues of L lies within the region of absolute stability. We used the schur criterion to perform the stability analysis on the size of time step. Dt is chosen such that jkD t(3 + 2kDt)j 6 2 for W-MTG1 scheme.
Results of numerical experiments
In this section we solve PDEs with periodic conditions and initial condition u 0 (x). A linear convection equation and heat equation is considered in one dimension. All the results we present using Daubechies D6 scaling function.
Convection equation:
The accuracy of the proposed wavelet-multilayer Taylor Galerkin schemes has been verified numerically on the classical test problem of advection-diffusion of a Gaussian profile. The exact solution is u(x, t) = (1/ r(t))exp[À(x À x 0 À at) 2 /2r(t) 2 ], where rðtÞ ¼ r 0 ð1 þ 2vt=r 2 0 Þ 1=2 . The parameters given by h = 0.25, x 0 = 3.75, a = 1. Fig. 2(left) shows the comparison of numerical solution using W-MTG1 obtained for dt = 10 À3 with the exact solution. Fig. 2(right) shows using the W-MTG2 scheme. The region of absolute stability for W-MTG1 scheme is shown in Fig. 3 . Where L j is the matrix resulting after applying W-MTG1 scheme.
Heat equation: We have tested W-MTG1, W-MTG2 on heat equation with different set of initial condition and different value of function f(x). 
Extension of multidimensional problems
In order to show that the proposed W-TGM is applicable to multidimensional situations, we shall consider the standard test problems of hill translation.
Case 1: The problem of a Gaussian hill translating with a uniform velocity a and spreading isotropically with a diffusivity m has been considered u t ¼ Àa Á ru þ mr 2 u: ð6:1Þ
Here time discretizaton will be same like one dimensional case as in Eq. (3.6) for W-MTG1 scheme and in Eq. (3.12) for W-MTG2 scheme. Initial distribution is given in Fig. 6 and the equations are integrated till time t = .5 is reached. 
Conclusion
In this paper we introduced a family of wavelet-multilayer Taylor Galerkin schemes for parabolic and hyperbolic PDEs. In wavelet-multilayer Taylor Galerkin schemes the precedence of time discretization to space discretization in conjunction with wavelet bases for expressing spatial terms renders robustness to the proposed schemes and makes them space and time accurate. Two explicit schemes are proposed. The numerical results for a number of one and two-dimensional problems are in good agreement with the available exact and approximate solutions. Further the method can be directly extended to three dimensional problems.
